In this paper we characterize all Darboux polynomials and rational first integrals of the generalized Lorenz systems:ẋ = a(y − x),ẏ = bx + cy − xz,ż = dz + xy. Our results include the corresponding ones for the Lorenz systems, the Chen systems and the Lü systems as special cases.
Introduction and statement of the main results
The Lorenz system, found by Lorenz [10] in 1963, was the first example showing the existence of the strange attractor, which is a simple three-dimensional autonomous differential system. In 1999 Chen and Ueta [2] found a dual system having a nonequivalent chaotic attractor of the Lorenz system in the sense of Vanecek and Celikovský [21] in 1996: the Lorenz system satisfies a 12 a 21 > 0 while the Chen system satisfies a 12 a 21 < 0. The dual system is now called the Chen system. In 2002 Lü and Chen [11] reported a new chaotic system, called the Lü system now, which bridges the Lorenz system and the Chen system in the sense of Vanecek and Celikovský [21] because the Lü system satisfies a 12 a 21 = 0.
From the algebraic point of view, the study on algebraic integrability of the Lorenz system has a long history, see for instance [4] [5] [6] [7] [8] [15] [16] [17] [18] [19] [20] and the references therein. In 2002 Llibre and Zhang [8] characterized the Darboux polynomials and its algebraic integrability of the Lorenz system. Later on Lü and Zhang [14] and Lü [13] completed the classification of the Darboux polynomials for the other two Lorenz type systems: the Chen system and the Lü system.
Unifying the Lorenz system, the Chen system and the Lü system, we get the generalized Lorenz systeṁ x = a(y − x) = P (x, y, z), y = bx + cy − xz = Q(x, y, z), z = dz + xy = R(x, y, z), (1.1) where x, y and z are real variables, and a, b, c and d are real parameters. From the dynamical point of view, the generalized Lorenz system has been intensively studied, see for instance [16, 12] and the references therein. In this paper we will give a unifying characterization on the Darboux polynomials, polynomial first integrals, rational first integrals and its algebraic integrability of the generalized Lorenz system (1.1). For doing so, we need to give some necessary definitions.
A polynomial f (x, y, z) ∈ C[x, y, z], the ring of the complex coefficient polynomials in x, y, z is called a Darboux polynomial for the generalized Lorenz system (1.1) if
for some real polynomial k(x, y, z), which is called cofactor of f . If f (x, y, z) is a Darboux polynomial then the set {(x, y, z) ∈ R 3 ; f (x, y, z) = 0} is invariant under the flow of (1.1), and so it is called an invariant algebraic surface. For simplicity we also call f (x, y, z) = 0 an invariant algebraic surface. We can prove easily that the degree of the cofactor k of f is less than or equal to 1. Therefore, in what follows we can assume without loss of generality that the cofactor k is of the form
We say that a nonconstant real function H (x, y, z, t) : R 3 × R → R is an invariant of the generalized Lorenz system, if it is constant on all solution curves (x(t), y(t), z(t)) of the generalized Lorenz system, i.e., H (x(t), y(t), z(t)) ≡ constant for all values of t for which the solution (x(t), y(t), z(t)) is defined in R 3 . Obviously, if H is differentiable in R 3 , then H is an invariant of the generalized Lorenz system if and only if
If the invariant H is independent of the time, then it is called a first integral. If the first integral H is a polynomial (resp. a rational function or an algebraic function), then it is called a polynomial first integral (resp. a rational first integral or an algebraic first integral). Recall that an algebraic function H (x, y, z) is a solution of the algebraic equation
where f i (x, y, z) are given rational functions, and n is the smallest positive integer for which such a relation holds. Clearly, any rational and polynomial functions are algebraic.
The generalized Lorenz system is called either polynomial integrable, or rational integrable, or algebraic integrable if it has either two functionally independent polynomial first integrals, or two functionally independent rational first integrals, or two functionally independent algebraic first integrals.
Let S be the set of all Darboux polynomials for the generalized Lorenz system (1.1). If T is a minimum subset of S such that every element of S is obtained by doing finitely many product of the elements of T and the addition of finitely many these new elements having the same cofactor, then we say that every element of T is a generator of S.
Our main results are following. 
We remark that if a = 0 the generalized Lorenz system (1.1) is linear. Its dynamics can be obtained easily and so omitted.
From Theorem 1.1 we get easily the following Recall that a rational first integral is proper if its numerator and denominator are not polynomial first integrals.
In the next section we will prove our main results.
Proof of the main results
For proving our results we need to use the method of the characteristic curves for solving linear partial differential equations. In the next subsection we first introduce it.
The method of characteristic curves
Now we recall the method of characteristic curves for solving linear partial differential equations, see for instance, Bleecker and Csordas [1, Chapter 2] and also [8] , which will be used in the proof of our main result.
Consider the first-order linear partial differential equation: 
In practice, if c(x, y, z) = 0 we usually treat z as the independent variable instead of t, and consequently the above system is reduced to
This last equation is called the characteristic equation of (2.1). Suppose that (2.2) has a solution in the implicit form g(x, y, z) = c 1 , h(x, y, z) = c 2 , where c 1 and c 2 are arbitrary constants. We consider the change of the variables 
is a solution of the linear partial differential equation (2.1). Moreover, the general solution of (2.4) is also the general solution of (2.1) when we write u, v and w in function of x, y and z through (2.3).
Weight polynomials
In this subsection we define the weight homogeneous polynomials, which will be the main notion in the proof of our main results.
A polynomial g(x) with x ∈ R n is said to be weight homogeneous if there exist s = (s 1 , . . . , s n ) ∈ N n and m ∈ N such that for all α > 0,
where N denotes the set of positive integers. We shall refer s to the weight exponent of g, and m to the weight degree of g with the weight exponent s.
Decomposition of Darboux polynomial
The following fact is well known, which will be used in the proof of Theorem 1.1 and Corollary 1.2. 
Now we can prove our main results.
Proof of Theorem 1.1
According to the ideas given in [8] by Llibre and Zhang, we make the change of the variables
with α > 0 an arbitrary parameter, then the generalized Lorenz system (1.1) becomes 6) where the prime denotes the derivative with respect to T. Suppose that f (x, y, z) is a Darboux polynomial of the generalized Lorenz system (1.1) with a cofactor k(x, y, z). Let l be the highest weight degree in the weight homogeneous components of f in x, y and z with the weight exponent (1, 2, 2). Set
Then F is a Darboux polynomial of system (2.6) with the cofactor α −1 K. It follows from the fact that dF dT (2.6) 
Expanding F in the sum of weight homogeneous polynomials with the weight exponent (1, 2, 2), we have F = F 0 + αF 1 + α 2 F 2 + · · · + α m F m , where F i is of weight homogeneous of weight degree l − i in X, Y and Z for i = 0, 1, . . . , m, and l m. Using the fact that F is a Darboux polynomial of system (2.6) with the cofactor α −1 K, we get
where we still use x, y and z instead of X, Y and Z.
In the last equation we get from the terms with α −1 that k 2 = k 3 = 0. Furthermore equating the terms with α i for i = 0, 1, . . . , m + 2 gives
for j = 2, 3, . . . , m + 2, where F j = 0 for j > m and L is the linear partial differential operator defined by
In order for solving Eqs. Its general solutions are
where d 1 and d 2 are constants of integration. We make the change of the variables
Its inverse transformation is
For simplicity and without loss of generality we only consider the case x = √ u + 2aw, y = √ v − w 2 and z = w. Then the first equation of (2.7) becomes an ordinary differential equation (for fixed u, v) through the changes (2.8) and (2.9):
where F 0 is F 0 , written in u, v and w. The general solution of (2.10) is
with G 0 an arbitrary smooth function in u and v. Hence we have
Since F 0 is a weight homogeneous polynomial, it forces that k 1 = 0 and G 0 is a polynomial in u and v. The above proof shows that the cofactor of every Darboux polynomial of system (1.1) is a constant. Since u and v are weight homogeneous polynomials in x, y and z of weight degrees 2 and 4 respectively, the polynomial F 0 should be of the form either 11) with the weight degree 4n − 2, or 12) with the weight degree 4n. According to the two possible different forms of F 0 , we separate the following proof in two subcases.
A. F 0 has the form (2.11). Substituting (2.11) into the second equation of (2.7), we have
Using the transformations (2.8) and (2.9) and working in a similar way to solve F 0 , we get the ordinary differential equation (for fixed u and v):
Integrating this equation with respect to w and using the formula (A 1 ) given in Appendix A of [8] or see [1] , we get
where
is an arbitrary smooth function in u and v.
, in order for F 1 to be a weight homogeneous polynomial of weight degree 4n − 3, we get from (A 2 ) and (A 3 ) of Appendix A of [8] that G 1 (u, v) = 0, and
where a 0 = a n+1 = 0. We claim that conditions (2.13) are equivalent to one of the following conditions: Indeed, we first assume that d = −2a. Then conditions (2.13) can be reduced to
If there exists an i 0 ∈ {1, . . . , n − 1} such that a i 0 = 0, then d = c. And so a = −c/2 and k 0 = c(2n − 1). If a i = 0 for i = 1, 2, . . . , n − 1, then a n = 0 (otherwise, F 0 = 0). Hence we have k 0 = −2(2n − 1)a. Next, we assume that d = −2a. By induction and from the first equation of (2.13), we get that a i = 0 for i = 1, 2, . . . , n. This proves the claim.
and there exists an i 0 ∈ {1, . . . , n − 1} such that
Using the transformations (2.8) and (2.9), the last equation becomes the ordinary differential equation:
Integrating it with respect to w gives
where G 2 is an arbitrary smooth function. In order for F 2 (x, y, z) = F 2 (u, v, w) to be a weight homogeneous polynomial of weight degree 4n − 4, we must have
where a (2) i are real constants for i = 0, 1, . . . , n − 1. Substituting F 1 and F 2 into (2.7) with j = 3 and after some calculations, we obtain
For F 3 to be a weight homogeneous polynomial of weight degree 4n − 5, we must have Its generators are x 2 − 2az and y 2 + z 2 , which are two Darboux polynomials of the generalized Lorenz system (1.1). Case (ii): d = −2a, k 0 = −(4n − 2)a and F 0 = (x 2 − 2az) 2n−1 (here, we set a n = 1, because a n = 0, otherwise F 0 = 0 and consequently F = 0). Then F 1 = 0. Furthermore Eq. (2.7) with j = 2 has the solution
where a (2) i are real constants for i = 0, 1, . . . , n − 1. Working in a similar way to solve F 1 and F 3 as in Case (i), we get the solution of Eq. (2.7) with j = 3 as follows:
For F 3 to be a weight homogeneous polynomial of weight degree 4n − 5, we should have G 3 = 0 and for i = 0, 1, 2, . . . , n − 1 .7), we get that
Working in a similar way to the computations for F 0 to have the form (2.11), we get
In order for F 1 (x, y, z) = F 1 (u, v, w) to be a weight homogeneous polynomial of weight degree 4n − 1, we must have G 1 = 0 and
for i = 0, 1, . . . , n − 1. We claim that the conditions (2.14) are equivalent to one of the following conditions:
2 ) i n i a n and a n = 0.
Indeed, we first assume that d = −2a. Then the conditions (2.14) are reduced to
. . , n − 1, then a n = 0, otherwise F 0 = 0. So k 0 = −4an, and we get the condition (i). If there exists an i 0 ∈ {0, 1, . . . , n − 1} such that a i 0 = 0, then we have k 0 + 4ai 0 − 2c(n − i 0 ) = 0 and 3k 0 + 12ai 0 + 4(a − c)(n − i 0 ) = 0. This means that a = −c/2 and k 0 = 2cn, and so we get the conditions (ii). Now we assume that d = −2a. The second equality of (2.14) verifies that a 0 = 0, otherwise a i = 0 for i = 0, 1, . . . , n. Hence, we get from the third equality of (2.14) that So the first and third equalities of (2.14) force that a i = 0 for i = 1, 2, . . . , n. This is the condition (iii). If k 0 − 2cn = 0, the second equality of (2.14) forces that a 1 = 0. It follows from the third equality of (2.14) that 3k 0 + 12a − 2(d + 2c)(n − 1) = 0. Now from (2.15) we have d = −6a − 2c, k 0 = −4an, and consequently a = −c/2. Moreover, from the second equality of (2.14) we get that a n−i = (−4a 2 ) i n i a n . This proves the claim. According to the claim, we distinguish the four different cases. Case (i): d = −2a, k 0 = −4an, a n = 0 and a i = 0 for i = 0, 1, . . . , n − 1. Then we have F 0 = a n (x 2 − 2az) 2n and F 1 = 0. Substituting F 0 and F 1 into (2.7) with j = 2 gives L[F 2 ] = 0. And we have
where a (2) i , i = 1, 2, . . . , n, are real constants. Similar to the computations given in those for F 0 to have the form (2.11) we get from Eq. (2.7) with j = 3 that
where G 3 (u, v) is an arbitrary smooth function in u and v. In order for F 3 (x, y, z) = F 3 (u, v, w) to be a weight homogeneous polynomial of weight degree 4n − 3, we must have G 3 = 0 and for
This implies that F 3 = 0 and a (2) i = 0 for i = 1, 2, . . . , n. Hence we have F 2 = 0. By induction we can prove that F i = 0 for i = 4, . . . , m. These show that the Darboux polynomial is F = F 0 = a n (x 2 − 2az) 2n with the cofactor −4an. Its generator is the Darboux polynomial f = x 2 − 2az with the cofactor −2a.
Case ( 
Similarly, from Eq. (2.7) with j = 3 we get
For F 3 (x, y, z) = F 3 (u, v, w) to be a weight homogeneous polynomial of weight degree 4n − 3, we must have G 3 = 0, 2b(n − i)a i = 0 for i = 0, 1, . . . , n − 1 and a (2) i = 0 for i = 1, 2, . . . , n. This implies that b = 0, F 2 = 0 and F 3 = 0.
By induction we can prove that the Darboux polynomial is
with the cofactor 2cn. Its corresponding generators are the two Darboux polynomials f 1 = x 2 + cz with the cofactor c and F 2 = y 2 + z 2 with the cofactor 2c.
Since F 1 = 0, we get from Eq. (2.7) with j = 2 that
Substituting F 1 and F 2 into Eq. (2.7) with j = 3 we can prove that
For F 3 (x, y, z) = F 3 (u, v, w) to be a weight homogeneous polynomial of weight degree 4n − 3 in x, y and z, we must have G 3 = 0 and c with the cofactor 2c. Case (iv): d = −6a − 2c, k 0 = −4an, a = −c/2, a n−i = (−4a 2 ) i n i a n and a n = 0. Without loss of generality we set a n = 1. Then we have (2) i are real constants for i = 1, . . . , n.
